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1. Topic: Exponential Functions
(i) Given: ¥'=10000e?"
When the man bought the motorcycle, ¢ = 0.

. value of motorcycle when bought = 10000¢”
=$10000
(i) When ¢= 12, v=4000:
4000 = 10000e” "
04 =e'¥
In04 =-12plne
_Ino4
12
~ 0.076358
V =10000e > L (1)

Sub ¢ =18 into (1): Value after 18 months = 10000 0763 (¥
~ 2529.8
~ $2530 (3 s.f.)

(iii) Sub v = 1000 into (1):
1000 = 10000g *74%

-0.076358¢
0.1 =¢

Note: V< $1000 when ¢ =31
months, since the e’ curve
describes the depreciation of value
over time.V’

In0.1 =-0.076358¢Ine

In0.1
—0.076358

30.2 months

~ 30 months (nearest month) t

t =

xQ

.. age of motorcycle when expected value is $1000 is 30 months.
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Topic: Quadratic Equations (Sum & Product of Roots)

2 —4x+3=0=a=2,b=—-4,c=3
b -4

a+ﬁ=—;=—?—2

Sum of roots:
Product of roots: af = 2 = S
New sum of roots:
(@*+2)+(B*+2) =a®+p*+4
=[(a + B)* — 2aB] + 4
= (52)2—2(2) +4

Suba+f =2,ap =3

Useful expression:

New product of roots: a?+ B2 = (a+p)?—2ap

(@?+2)(B2+2) =a?p?+2a% +2B% + 4
=(af)? + 2(a? + p2) +4
=(af)? +2[(a + B)* — 2ap] +4

2+214-2(3)+4

p Suba+ﬁ=2,aﬂ=§
=2+2+4
4
_gl_33
4 4

. equation with roots a* + 2, % + 2:

33
x275x+720

5 x> — (Sum of roots)x + (Product of roots) = 0
=>4x" -20x+33=0
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3. Topic: Trigonometry (Trigonometric Identities & Equations)

(i) tan A4+ cotA4 =2 cosec 24

sin A cosA _ sin?A+cos?A
LHS.: 0s A sin A - 0s Asin A
c in c in .
) sin?A + cos?4=1
B sinAcos A

1

" 2sindAcos4
2

5 sin24 = 2sinA cos A

N sin 24
=2 cosec 24

=R.H.S. (Proved) 90°
24 ~138.2°,498.2° A 24 ~ 41.8°,401.8°

" A~ 69.1°,249.1° A~ 20.9°.200.9°
(i) tanA4 +cot4=3 A

From (i): 2 cosec 24=13 S SO!
2 180° X» 0°

sin24

. 2 T e
sin 24 = 3
270°
= Basic angle o =sin™?! (g) o~ 41.81°
~41.81° 0° < A < 360°

24 ~ 41.81°, 180° — 41 .81°, 0° =24 <720°

360° +41.81°, 360° + 180° — 41.81°
~41.81°, 138.19°, 401.81°, 498.19°

soA =20.9° 69.1°200.9°, 249.1°
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4. Topic: Logarithms

1) 2+1logs(B3x—7) = logz(2x—3)
logs;(2x —3)—logs(3x—-7) = 2

on (2) = 2
= 32

2x-3
3x=7

2x—3= 93x-7)
2x—-3= 27x—-63

Quotient Law:
log, m —log,n = loga%

y=a* & x =log,y

60 = 25x
x= 24
ii) 31 —log,5=2
(i) 3 logs y ogiS Change of Base of Log:
3 10g5y_10g5y -2 log,b =
log,a
Let logs y = x.
3x-1 =2
X
3 -1 =2x
BGx+1x-1) =0
1
x=—7 or 1
= logsy :—§ or 1
1
y= 53o0r 5
1
y=%or5
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5. Topic: Polynomials (Factor Theorem & Remainder Theorem)

Factor Theorem:

(i) flx) =20 3x +1) (x 1) (x—2) f(a) = 0 < (x—a) is a factor of f(x)

=(2x*—6x+2) (x* —x—2)
=2x' 24—t 6t + 12x + 2xT - 2x— 4
=2 -8  +4x* + 10x — 4

(i) f(x)=0 Check: f(—1) =2(1)*=8(1)’+4(=1)*+ 10(-1)— 4

200 =3x+ 1) (x+ 1) (x—2)=0 :

x = el OIO)] or -1 or 2

_ 3+45
2

s _17 2
.. No. of real roots = 4
(i) f(x) =2(*=3x+ 1) (x + 1) (x - 2)

Remainder Theorem:
f(x) divided by (x — @) = remainder is f(a)

1
When x = >

5)=25-3+16)(-3)

. 1
Remainder =1 3
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6. Topic: Geometric Proofs

(@)

D

AE = CE (Tangents from a common
external point E)
AO = CO (Radius of circle)
LOAE = LOCE
= 90° (Radius L Tangent)

~ AAEO = ACEO (SAS)

Z
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Let ZAOE = 6.
ZCOE = 0 (AMEO = ACEO)
ZA40C =280
= ZABC=46
(£ at centre =
2 x / at circumference)

= EO // DB (LAOE = ZABC= 0
- corresponding /s)

.. By Midpoint Theorem,
E is the mid-pt of AD.
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7. Topic: Trigonometry (Trigonometric Functions)
(i) Amplitude =4

. . 360°
(i1) Period =
2 cycles

y=a cos bx + c: Amplitude = a
= 180° Period = %

(iii) Minimum point occurs when cos 2x = -1
= 2x =cos’(-1)
2x =180°
x =90°
= y=4(-1)-2=-6

.. coordinates of the minimum point of the curve is (90°, —6)

(iv) Wheny =0, 4cos2x-2 =0 90°
4cos2x =2 A 2x = 60°
! s | A
cos2x = 3
Basic angle o = 60° 180° 4@\ ®
NV o 0
2x = 60°, 300°
x =30°,150° T C 2x = 300°
x = 150°
270°
a=60°
0° < x < 180°

0° < 2x < 360°

.. coordinates where curve meets the x-axis are (30°, 0)and (150°, 0)
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(vi)
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8. Topic: Applications of Differentiation & Integration
(Maxima & Minima, Area Under Curve)
(i) y=x—ax+b

dy 2
=32
o 3 a

From the diagram, minimum point is (2, 0)

d .. d
= Sub 2 =0 and x = 2 into =%:
dx dx

32 —a=0
12-a=0
a=12
Sub (2, 0) into y: 0=2"-12Q)+b
0=8-24+bh
b =16

L a=12,b=16
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(i1) From (i),
y=x—12x+16
dy _ 2
E =3x"-12
At maximum point,
Lo3 12 =0
dx
3x>-4) =0
3x+2)(x-2) =0

x =-2 or 2 (rejected *~ max. point occurs when
x <0 in the diagram)

Sub x =-2 into y: Check: ZZTZ = 6x
(o =2 into &2
y=(-2y-12(-2)+ 16 Sl;bx 2 into ——=:
=_8+24+16 2= 6(-2)=-12<0
=132 = (-2, 32) is a maximum point

..coordinates of maximum point is (-2, 32).

(iii) Area of shaded region = foz (x3— 12x + 16) dx
2

= [71—4 - 122x2 + 16x]0
= - 6x? + 16x]z

- [% —6(2)° +16(2)] - [% = 6(0)” +16(0)]
=4-24+32-0

=12 units’
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9.

Topic: Further Trigonometric Identities (R-Formula)

WWW.exampaper.com.sg

(i) 4sin @ —2 cos @ =R sin (60— )

(i) From the diagram,

P

Z0OAD = @(corresponding £s)

sin 9:%
OD =45sin 0

ZABC =180°-90° — ZBAC
=180° - 90° — (180°-90°-6)

=60
cos 6 :BZ—C
BC =2cos 0
.. L =0D-BC

=4 sin @ —2cos 6 (Shown)
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=R (sinf cos a— cos O sin a)
=R cos asinf— R sin a cos €

Comparing coefficients,

4=RcCOS U .......... (1 Addition Formula:
2=Rsin a 2) sin (A—B) = sin 4 cos B — cos 4 sin B
(2), sina

2
(1)" cosa 4
1

a=26.6°

1+ () R*cos’a+R*sin® a =4>+2°
R*(cos* a+sin’ @) =16 +4
R* =20
R =420 or —/20 (rejected)
~. L=+/20 sin (6-26.6°)

»n O
(=}
o

6-26.6°~164.5° - °x ®
S A 0—26.6°~ 42.13

180° iﬁm 0°

(iii) When L = 3, T C
V20 sin (0—-26.6°) =3 270°

sin (60— 26.60):\% ¢~ 42.13°

Basic angle ¢ = 42.13°
0 —26.6°~42.13°, 180°-42.13°
0 =68.7°, 164.5° (rejected - Ais acute)

- 0= 68.7°(3 sig. fig.)
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10. Topics: Coordinate Geometry, Integration,
Applications of Differentiation (Rate of Change)

o dy 6
(1) dx ~ (2x-1)2

.. d
Sub x = 2 into =2
dx
6
32

Gradient of curve at P(2,9)=— = § Gradients m; and m;, of two

1 lines < mym, = -1

w

= Gradient of normal = —S
Equation of normal to the curve at P:

3
y-9=- > (x—2) Equation of line with gradient m

and point (xy, y;):

__3
y=—gxt3ts O - y1) = m(x - x)
y==3x+12...... (1)
At 00, y),
Subx =0 into (1): y :—2(0)+12
=12
=0=(0,12)
At R(x, 0),
Sub y = 0 into (1): —§x+ 12=0
Ex: 12
2
x =8 Midpoint of (x,, 1)
3 idpoint of (x;, y;
R=8,0
= (8,0) and (x, »,):
Mid-point of R = (%22, 222) (& +x 1 +yz)
~ @, 6) ¢ 2
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(if) ¥ = [ G dx

=[6(2x—1)"%dx

_6(2x-1)"1
To2(-1) te
_ 3@x-1)71 (ax + p)*?t
=—— t¢ +bh)dx =——+
1 f(ax )dx At D) c
3
Y S gy e 2)

Since P(2, 9) lies on the curve, sub x =2, y =9 into (2):

_ 3
20-1 €
=-1+c¢
c=10
3
..y——Zx_1+10

(iii) x-coordinate increases at 0.03 units per second

d
== =0.03
dt
Rate of change of y-coordinate:
dy _dy  dx Chain Rule:
dt dx dt dy dy dx
__6 e dx O de
Zrmny %X 0.03

AtP(2,9), sub x =2 into -

dy _ 6
FrilieTeswer %0.03

0.02 units per second

.. y-coordinate increases at 0.02 units per second.
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11. Topics: Coordinate Geometry, Circles
(i) Centre of C;,0=(0, 0)
Radius of C;, OP = /(0 — 8)2 + (0 + 6)2
= 10 units
. Equation of C;:  (x—0)*+ (y—0)* = 10?

K +y* =100

(i1) Center of C,, Q = Midpoint of OP
_ (048 0+(-6)
h ( 2’ 2 )

= (45 _3)

Radius of C, OP = /(4 — 8)2 + (-3 + 6)2
= 5 units
(x—47 +(+3)7=5"
X —8x+16+)°+6y+9=25
X+ —8x+6y=0

.. Equation of Cy:

Length of Line Segment

= (1 — %)% + (7, — ¥2)?

Equation of circle with
centre (a, b) and radius r:
(r—ay +@-by=r

Midpoint of (x;, y;) and
(%2, y2):
(xl +x, yp t 3"2)
2 2
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(iii) Gradient of OP = 22 = 2

0-8 -4
= Gradient of 4B = S

Using Q(4, —3) from (ii):
Equation of AB: y+3 = S x—4)
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Gradients m; and m, of two |
lines < mym, = —1

Equation of line with gradient
m and point (x;, y1):

4 25 =y =mx—x)

Sub (1) into (2):
2, (4 25\2
X"+ (EX —?) =100

16x2 200 625
o+

——x+— =100
9 9

Byz 2,402
9 9 9
25x* —200x—275 =0
¥—8x—11=0
_ 8%64-4(1)(-11)
r= 2(1)
_ 8++/108
T2
_ 846V3
T2
=4+3V3

.. x-coordinates of 4 and B are 4 + 3v/3 and 4 — 3+/3 respectively.
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