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Additional Mathematics (4038/02)

2. Topic: Applications of Differentiation (Maxima & Minima)
ADDITIONAL MATHEMATICS 4038/02 .
Paper 2Suggested Solutions October/November 2010 (i) For ARVU and ARPQ,
2VRU = 2~ PRQ (common)
1. Topic: Trigonometric Functions 2UVR = £ QPR (corresponding £s, VU // WQ sinceQUVW is a rectangle)
3 cot?0+ 10 cosec & = 5, 0° < O< 360° =ARVU is similar to ARPQ. p
RU _ VU
3(cosec’0— 1) + 10 cosec #= 5 Hence =2 = %5
3 cosec’d+ 10 cosec -8 = 0 12-x _y
12 8
(3 cosec G- 2) (cosec #+4)= 0
y = =(12-x) 8m|w 4
o 3cosec -2 = Oorcosec 9+4 = 0 12
Given in formula sheet: 5 vy =g-2 (Shown)
cosec? A =1+ cot? A cosec & = cosec § = —4 Y E 3% ym ym
ii A =X F —
sing = 32 (reject) sin @ = -1 (if) y Sub expression - M (12 —x)m
1 2 4 - x(g_zx) of y from (i) Q U
S Basic 2z = 14.48° 3
— 2 12m
-0 = 180° + 14.48°, 360° — 14.48° = 8x— gxz
= 197.47°, 345.52° (iii) a4 _g_*,
~ 194.5°,3455° (L d.p) o ’
R o For a maximum value ofA,j—ﬁz 0,
8—2x =0
3
X =6
d?a _ 4 . . _
— = —= <0 =Aismaximumwhenx=6m
dx 3
180° Whenx = 6 m,
_ 2 2" derivative test for stationary
A = 8(6) —3(6) points of curve y = f(x):
0~1945° C  g~3a55° = oamt ) .
= eam Max. point: <2 = 0,2 < 0
. . 2 dx dx
~.Maximum value of A is 24 m~, : . dy e
Min. point: e 0,@ >0
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3. Topic: Indices, Simultaneous Equations

32Xx2Y =1
(%2 =1
(@™)™ = a™ %2 = 2 a’=1
5+y = 0
y = -5x (1)

327 = 8lx
1
32 @) = (3
am = g = g1 F12-3y - 3%

x—12-3y =

B ORI

X>— 12x—3xy =

Sub. (1) into (2),
X~ 12x-3x(-5x) =
X*— 12x + 15x% =
16x*-12x— 4 =
42-3x-1 =
@x+1D(x-1) =

-(2)

o O O &~ b

X=—-= o x=1

Sub. x = — into (1),

=5 -
Sub. x =1 into (1),
y = -51) = -5

S u

-~ The solutions are x = —%, y= % andx=1,y=-5.
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Topic: Binomial Expansions

8) 5T (—kx =37 In expanding (a + b)",

() (r+1)" termof (x - %)’ s = (V) arrs
r+1 7 \y

) xB—r (_k)rx—3r

) (=kyrx®=t - ()

I
N N N
° X 3 ®=

In the constant term, x®~ 4

1
>

Constant term
8-4r =0 = term that contains x°
r =2
8
Given that the constant term of (x - —3) =7,subr=2into (1),
8\ (_r2 =
(2) ™ =7
28K* = 7
k=2
4
k= +2 Constant term in
2 8
. . - _1 (x - g) =7
Since k is a positive constant, k= .
(i) Fork= %
8 = 3
(1+x% (x—%) =(1+x%) [ et T+ (g) (—%) x4 ]
H_/

— 4 -4
@A+ +T7 =TT+ L] x“‘termin(x—%)s
2x

() (+) (7x°) B\ aaf LY
7-7 =(3)(x )(_ﬁ>

: ~0)(2)

. Since the constant term is zero, there is no constant term in the
expansion. (Shown)

Constant term
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5. Topic: Exponential & Logarithmic functions
y=5-¢*
Whenx=0, y = 5-¢° = 4
Wheny=0, 0 = 5-¢*

Curve intersects y-axis when x = 0.

Curve intersects x-axis when 'y = 0.

e =5

2x = Inb

Xx = =In5
2

= A(0,4)andB (% 1n5,o)
For points A(x, y1)&B(x,, ¥5),

. . _ 4-0 _ 8 -
(i) Gradientof AB = T Sl gradient of AB =Zl zz
1=412
Equation of line AB:
y = — 8 x+4 A(0, 4) =y-intercept is 4
In5
Subx=1In5y=k,
Alternative Method:
k= == (n5)+4
InS Let P denote the point (In 5, k).
= 8+4 Since P lies on AB
=4 = gradient of AP = gradient of BP
(ii) X = InvV9—x R
X In5-0 Eln 5-In5
X = In(9 — x)z k-4 _ -k
_1 _ Ins = Ims
In(x)" =rlnx X = 7In(9 —x) 4 = 22k
2x = In (9 —x) .
e2x — 9—X k - —4
- = x-9
5-¢* = x-4
y = x-4

..Equation of the required line: y =x-4
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6. Topic: Geometric Proofs

X
(i) 2AXB = 2£AXY = @ (XA bisects £YXB) S

2ABX = £AXY = 6
(Alternate segment theorem)

S LAXB = £ABX = 6
=AXB is isosceles.
Hence AX = XB (Proved) B

(i) 2£ACB 2AXB = @(«s in the same segment) S
£ACX = £ABX = @(«s in the same segment) F/
~.2ACB = £ZACX = 6

Since D lies on AC, CD bhisects 2XCB. (Proved)

From (i),
2AXB = £ABX = 0 I <LV

(iii) In ACDX and ACBA, X
£XCD = «£ACB = @ (Provenin (i) i
£CXD = «CAB (s in the same segment)

..ACDX and ACBA are similar. (Proved)
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7. Topic: Applications of Differentiation (Gradients, Tangents & Normals) &
Integration (Area of aRegion)

(i) y = V2x+5 -
Y - Lox+5)73(2)
dx _ 2 1 i(ﬁ)=id_u
T VZx+s dx 2+/u dx
Gradient of tangent at P, sub x = 2:
dy _ 1 1

dxr  J2(+5 3
= Gradient of QR = % (since QR is parallel to the tangent to the curve at P)
At Q, suby =0 into (1):

0 = v2x+5
2x+5 =0
x = =2 Equation of straight line
: passing through (x4, y1):
5 p—
- Q(_E' 0) z 3:1 = gradient m
— M
. Equation of QR:  y-0 = é[x _ (_ g)]
5
y=3x+: -

(ii) AtR, subx =2 into (2):
y

Length of ST
Length of QS

Area of AQST

Area of regionQPS

.. Area ofshaded region
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1 5_ 3
FOR

R(23)

Length of RS
2-(-3)
~(@S)(ST)
:0)0)

27 .
=~ units?
8

3 .
= units
2

9 .
= units
2

+b)"dx =
e [ JEOE
2

2 1
[5(2x + 5)zdx

_5
2

OO [ex+7].,
é{[z(z) +51 - [2(-2)+ 5]}
oo

9 units?
Area of AQST + Area of QPS

Z 19
8

123 units?
8

(ax + b)"?

a(n+1)
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8. Topic: Applications of Differentiation & Integration (Kinematics)

(i) a = 1.5m/s?
Ve = [1.5dt

“Particle P ... moves with a constant
acceleration of 1.5 m/s? ...”

When t=0, vp =9 m/s: “Particle P starts with a

9 = 150)+c velocity of 9 m/s ...”
Ci = 9
. Velocity of P,vp = 1.5t +9 -1
ag = 1 +§
vQ=f(1+§)dt v=’.adt
= t+ st? 4G

Whent=0,vy=0: “Particle Q starts from rest ...”
0= 0+-(0)2+c,
c; =0
~.Velocity of Qg = t + ;t2 e
(i) From (i), vp = 1.5t + 9
sp = J(1.5t+9)dt
= 2t2+0t+c
Whent=0, sp =0:

s=fvdt

“t seconds is the time since leaving O ...”

0 = 2(0)%+9(0) +c
c; =0
. Distance traveled by P,sp = %tz + 0t —(3)

Note: sp & Sq are the displacements of P and QfromO but since t> 0
and there are no negative components in sp & Sg
= Sp & Sg are the distances travelled by P and Q.

“P and Q, leave a point O at the same time ...

Page 5 0of 8

From (i), vo =t + %tz
so = f(t+ itz)dt
= 2243+,
2 12
Whent = 0, sq = 0:
= 1oz 1+ L p)3
0= 2(0) +12(0) +Cy
¢, =0

s=fvdt

“P and Q, leave a point O at the same time ...
“t seconds is the time since leaving O ...”

~.Distance traveled by Q,sq = % t2 + =3

12
(iii) When Q collides with P,
So = Sp

243 = 2240t
2 12 4

12 Gtz + it3)

P and Q are at the same
distance from O.

~ 12 Gtz + 9t)

6t +t* = 9t® + 108t _ :
3_32_ 108t = 0 Reject: t=0 (P&Q at point O)
r—3r-108t = t=-9 (tis positive)
t(t>- 3t- 108) = 0
tt-12)t+9) = 0
t = 0(reject), t =12, t = -9 (reject).
.. Distance from O when Q collides with P = 2(12)2 +9(12)
= 216m _
(iv) Whent = 12, Sub t =12 into (3)
Vp = 15(12)+9
= 2Tm/s Sub t =12 into (1)
Vo = 12 +§(12)2 :
— 48 mfs Subt=12 into (2)
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9. Topic: Coordinate Geometry

y
4 C (k, 15)
B (8, 14)
A (0, 5)
» X
O D (a, 0)
(i) AB = BC

JB8—-02+(14-5)2 = /(k—8)2+ (15— 14)2
64+81 = (k-8)°+1
Length of Line Segment (k—8)* = 144
=/ (1 — %)% + (91 — ¥2)? k-8 =12 or k-8 = -12
k =20 or k = 4
Since k is positive, k = 20.

(ii) Let D(a, 0).

AD = CD
D lies on x-axis
= y-coordinate is 0 /(a — 0)2 + (0 —5)2 = /(20 — a)? + (15 — 0)2

a’+25 = 400 —40a + a* + 225
40a = 600
a=15
~.Coordinatesof D = (15, 0)

Page 6 of 8
Equation of BD: Equation of straight line passing
y-0 _ 14-0 through A(xy, y1) and B(X, Y2):
x—-15  8-15 Y- -y :
——— =——— = gradientm
y— 0 = —Z(X— 15) X — x1 xz - x1
y = —2x+30

(iii) Area of AABC

10 20 8 0
2ls 15 14 5

= §I[0 + (20)(14) + (8)(5)] — [(20)(5) + (8)(15) + 0]
= 50 units®
Area of quadrilateral ABCD

Area of AABC + Area of AADC

10 15 20 0
0+3ls o 15 s

50 +%|[0 + (15)(15) + (20)(5)] = [(15)(5) + 0+ 0]|
175 units®

Area of AABC 50 2
_ = — = =(Shown)
Area of quadrilateral ABCD 175 7

Avrea of triangle ABC (“Shoelace Method”)

1x, xc xg X4

21Ya Yc YB JYa

1
=5 (XaYe + xcYp + XpYa — XcYa — XgYc — XaYVp)

Note: Coordinates must be taken in an anticlockwise direction.
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10. Topic: Partial Fractions, Differentiation& Integration

0 3x2+4x-20 _ A Bx +C
! @x+1)(x2+4)  2x+1 X2 +4
32 +4x—20 = A(X* +4)+ (Bx+C)(2x +1)
Sub x= — 1,
2
1\2 1 _ 1\2
3(-1) +4(-1)-20 = A[(— )+ 4]+ 0
A =-5
Sub x=0,
-20 = 4A+C
-20 = 4(-5)+C
C = 0(Shown)

32 +4x—20 = —5(x* +4) +Bx (2x + 1)
3x%+4x—20 = (2B —5)x* +Bx-20
Comparing coefficients of x,

B =4 ; )
x
. i _ 1 —(In f =
(i) —InG2+4) = 5—(2x%) i n £ o)
_ 2x
T ox2+4
(iii) From (i), we have
B pax-20 S aad Using resultfrom (i)
(2x +1)(x2 + 4) 2x+1 x2 +4
3x2 +4x — 20 5 4x . -
f (2x +1)(x2 +4) dx = f (_ 2x+1 + x2 + 4) dx Using result from (ii)

-5 — dx+2f( 2 )dx

2x+1 xZ +4

-5 Eln@x + 1)] +2[In(x? + M) +c
—;ln(Zx +1)+2In(x? + 4) +c, X>—%
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11. Topic: Trigonometric Functions,
Further Trigonometric Identities (R-Formula)

(i) AtA, 2 + 3sin x is maximum:

=sinx =1
T
X = =
2

= Ymax = 2+3(1)
=5

-.Coordinates of A = (g 5)

At B, 2 + 3sin x is minimum:

=sinx = -1
31
X = —
2

= Ymin = 2+3(-1)
= -1

-.Coordinates of B = (3?" —1)

AtC, 4 cos X is minimum:

=cosx = -1
X =T

= Ymin = 4(_1)
= 4

~.Coordinates of C= (m, —4)
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(i) 4cosx =
4 cosx—3sinx =
Using R-formula,

4 cosx—3sinx =

Comparing coefficients:

Rcosa =
Rsina =
(2)*+ (3)%
R? (cos’a + sina) =
R® =
cos® 9+ sin’g = 1 R =

®).

@ tana =

o =

4cosx—3sinx =
From (1),

4cosx—3sinx =
=b5cos (x+0.644) =

cos (x +0.644) =

R-Formula:
2+3sinx acos@ + bsinf=R cos(8 F @)
2 -1 where
) \
tana =—
a
Rcos (X + a) R =<a?+b?

Rcos a cos x—R sin a sin x

4 -(2)
3 -(3)
4+ 3

25

5 or —5(rejected)

~1(3
tan~ (2)
0.6435
0.644 (3 sig. fig.)

5 cos (x + 0.644)

where a = 0.644, k = E

alNy NN
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(iii) 4cosx = 2+3sinx
From (ii), *Hence question: use result from (ii)
cos (x +0.6435) = =
Basic £¢ = 1.159
S X+0.6435 = 1.159, 2m— 1.159
x = 0.5155, 4.481

Q

0.516, 4.48 (3 sig. fig.)

-.x-coordinate of D = 0.516, x-coordinate of E = 4.48.

T
2 A
X +0.6435 = 1.159
/5 1,
y = 4 COSX T >0
t C
y=2+3sinx -/ X + 0.6435
3n =2m— 1.159
2 $=1159

C(r, -4)
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