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ADDITIONAL MATHEMATICS 
Paper 2 Suggested Solutions  

4038/02
October/November 2009

1. Topic: Further Trigonometric Identities 

(i) sinሺܣ െ ሻ  =  ଷܤ
଼
 

 sin ܣ cos cos − ܤ ܣ sin ଷ  =  ܤ
଼
          

 ହ
଼
 − cos ܣ sin ଷ  =  ܤ

଼
 

 cos ܣ sin ହ  =  ܤ
଼
 – ଷ

଼
 

  =  ૚
૝
 

(ii)   sinሺܣ ൅ ሻ  =  sinܤ ܣ cos ܤ ൅ cos ܣ sin  ܤ

   =  ହ
଼

൅ ଵ
ସ
    

   =  ૠ
ૡ
 

(iii) ୲ୟ୬ ஺
୲ୟ୬ ஻

   =  ୱ୧୬ ஺
ୡ୭ୱ ஺

ൊ ୱ୧୬ ஻
ୡ୭ୱ ஻

 

  =  ୱ୧୬ ஺
ୡ୭ୱ ஺

ൈ ୡ୭ୱ ஻
ୱ୧୬ ஻

 

  =  ୱ୧୬ ஺ ୡ୭ୱ ஻
ୡ୭ୱ ஺ ୱ୧୬ ஻

               

  =  
ఱ
ఴ
భ
ర
 

  =  ૛ ૚
૛
 

2. Topic: Partial Fractions and Integration 

(i) ଻
ଶ௫మି௫ି଺

  =  ଻
ሺଶ௫ାଷሻሺ௫ିଶሻ

 

  ֜  ଻
ሺଶ௫ାଷሻሺ௫ିଶሻ

  =  ஺
ଶ௫ାଷ

൅ ஻
௫ିଶ

 

 7  =  A(x −2) + B(2x + 3) 

When x = 2,  7  =  0 + B(7) 

 B  =  1 

When x = − ଷ
ଶ
 ,  7  =  Aቀെ ଷ

ଶ
െ 2ቁ + 0 

 A  =  −2 

ૠ ׵
૛࢞૛ି࢞ି૟

 = െ ૛
૛࢞ା૜

൅ ૚
࢞ି૛

 

 

 (ii) ׬ ଻
ଶ௫మି௫ି଺

ଽ
ଷ  dx  =  ׬ ቀെ ଶ

ଶ௫ାଷ
൅ ଵ

௫ିଶ
ቁଽ

ଷ  dx  

   =  ቂെ ଶ୪୬ሺଶ୶ାଷሻ
ଶ

൅ lnሺݔ െ 2ሻቃ
ଷ

ଽ
 

   =  [−ln(21) + ln 7] – [−ln 9 + ln 1] 

     −1.0986 – (−2.1972) 

   =  1.0986 

     1.10 (3 sig. fig.)

Addition Formula: 
sin (AB) = sin A cos B – cos A sin B

Addition Formula: 
sin (A+B) = sin A cos B + cos A sin B

Using ans from (ii)

Using ans from (i)

Distinct linear factor: 
Pሺ௫ሻ

ሺ௔௫ା௕ሻሺ௖௫ିௗሻ
 = ஺

௔௫ା௕
൅ ஻

௖௫ାௗ
 

*Hence question: 
From part (i) 
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3.  Topic: Indices, Logarithms and Factor Theorem 

(i) u  =  2x 
 8x – 2x + 2  =  15 
 (23)x – 2x×22  =  15 
 (2x)3 − 4×2x  =  15 
  u3 – 4u − 15  =  0 ׵ 

 (ii) Let f(u) = u3 – 4u – 15 
 When u = 3, f(3) =  33 – 4(3) −15 
   =  0 
 .By factor theorem, (u – 3) is a factor ׵ 
 f(u) =  (u – 3)(u2 + bu + 5) 
 Compare coefficients of u:  − 4  =  5 – 3b 
 3b  =  9 
 b  =  3 
 f(u) = (u − 3)(u2 + 3u + 5) =  0 ׵ 
 ֜  u – 3  =  0 or  u2 + 3u + 5 =  0 

  u  = 3  u  =  ିଷേඥଷమିସሺଵሻሺହሻ
ଶ

  

       =   ିଷേ√ିଵଵ
ଶ

 (rejected) 

 .u = 3 is the only real solution of this equation (Shown) ׵

(iii) u  =  3 

 ֜ 2x  =  3 

 lg 2x  =  lg 3 

 xlg 2  =  lg 3 

 x  =  ୪୥ ଷ
୪୥ ଶ

 

    1.584 

    1.58 (3 sig. fig.) 

4. Topic: Plane Geometry 

  
  

A B

C

X

Q P

ߠ ߠ

log௔ ሺݔሻ௡ = nlog௔  ݔ
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(i) Given ∆ ABC is an isosceles ∆, 
 Let סCAB = ס CBA = ߠ 

  
 In ∆ ACP and ∆ BCQ,  AC  =  BC  (Given) 
   CP  =  CQ  (Given) 
 BCQ  (Common) ס  =  ACP ס   

 ֜ ∆ ACP is congruent to ∆ BCQ (SAS). 

 Hence סCAP = סCBQ = ן 
 ןെߠ = CAPס − CAB ס = XABס  ֜ 
 and סXBA = סCBA − סCBQ = ߠെן 

 XBAס = XABס ׵ 
 Hence ∆ XAB is isosceles ∆. (Shown) 

(ii) Since ∆ XAB is isosceles ∆, XA = XB = a …………… (1) 
 Since ∆ ACP is congruent to ∆ BCQ (using result from part (i)), 
  AP  =  BQ 
 AX + XP  =  BX + XQ 
  a + XP  =  a + XQ (using result from part (i)) 
  XP  =  XQ 
  PX  =  QX (Shown) 

5.  Topic: Binomial Expansion 

(i)  ቀ2 െ ௫
ସ
ቁ

௡
  =  2n + nC1(2)n−1ቀെ ௫

ସ
ቁ

ଵ
+ nC2(2)n−2ቀെ ௫

ସ
ቁ

ଶ
 + … 

   =  2n + n(2)n−1ቀെ ௫
ଶమቁ + ௡ሺ௡ିଵሻ

ଶ
(2)n−2ቀ௫మ

ଶరቁ + … 

   =  2n – n2n−3x + n(n −1)(2)n−7x2 + … 

(ii) (1 + x)ቀ2 െ ௫
ସ
ቁ

௡
  =  a + bx2 

 ֜ (1 + x)[ 2n – n2n−3x + n(n −1)(2)n−7x2 + …]  =  a + bx2 

  2n – n2n−3x + n(n – 1)(2)n−7x2 + 2nx – n2n −3x2  =  a + bx2 
  
 Compare coefficients of x0:  2n   =  a …………………… (1) 

 Compare coefficients of x1:  – n2n−3 + 2n  =  0 

  2n−3[−n + 23]  =  0 

  2n – 3  =  0 (reject) or  − n + 8  =  0 

     n  =  8 

(iii) Compare coefficients of x2: n(n – 1)(2)n−7−  n2n −3  =  b ………….. (2) 
 Sub n = 8 into (1),  a  =  28 

   =  256 

 Sub n = 8 into (2),  b  =  8(7)21 – 8(2)5 

   =  − 144 

  

A 

C

P 

B 

C

Q 

ן
ቀ݊ ן

ቁݎ ൌ
݊!

!ݎ ሺ݊ െ !ሻݎ
 

ൌ
݊ሺ݊ െ 1ሻ ڮ ሺ݊ െ ݎ ൅ 1ሻ

!ݎ
 

Expanding (a + b)n : 
Tr+1 = ቀ݊

ቁ an – r brݎ
  

Given in formula sheet: 

nC1 = ቀ
݊
1ቁ ൌ ݊ 

nC2 = ቀ݊
2ቁ ൌ ௡ሺ௡ିଵሻ

ଶ!
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6. Topic: Trigonometric Functions and Area under curve 
 
 (i)  y  =  1 + 2cos  ݔ
  When y = 0,  1 + 2cos                     0  =  ݔ
   cos ଵ −  =  ݔ

ଶ
 

   Basic ןס  =  cosିଵ ቀଵ
ଶ
ቁ 

    =  గ
ଷ
                   

x  =  π − గ ׵   
ଷ
 , π + గ

ଷ
  

    =  ଶగ
ଷ

 , ସగ
ଷ

 

x-coordinate of A is ૛࣊ ׵  
૜

 (Shown) and x-coordinate of B is ૝࣊
૜

. 

 (ii) Area of the shaded region  

׬ =   ሺ1 ൅ 2 cos ݔሻ dݔ
మഏ
య

଴ െ ׬ ሺ1 ൅ 2 cos ݔሻ  dݔ
రഏ
య

మഏ
య

 

  = ሾݔ ൅ 2 sin ሿ଴ݔ

మഏ
య െ ሾݔ ൅ 2 sin ሿమഏݔ

య

రഏ
య  

  = ቂଶగ
ଷ

൅ 2 sin ଶగ
ଷ

െ 0ቃ െ ቂସగ
ଷ

൅ 2 sin ସగ
ଷ

െ ଶగ
ଷ

െ 2 sin ଶగ
ଷ

ቃ  

  = ଶగ
ଷ

൅ 2 ቀ√ଷ
ଶ

ቁ െ ସగ
ଷ

െ 2 ቀെ √ଷ
ଶ

ቁ ൅ ଶగ
ଷ

൅ 2 ቀ√ଷ
ଶ

ቁ 

  = √3 ൅ √3 ൅ √3 
   5.196 
   5.20 units2 (3sig. fig.) 
  

7. Topic: Modulus Functions 

(i) y = |3ݔ െ 5| – 2 
 When x = 0,  y  =  |0 െ 5| – 2 
   =  3 
 When y = 0,  |3ݔ െ 5| − 2  =  0 
 3x – 5  =  2 or  3x – 5  =  −2 
 3x  =  7  3x  =  3 

 x  =  ଻
ଷ
  x  =  1 

  =  2 ଵ
ଷ
 

Coordinates of all the points meeting the axes are (0, 3), ቀ૛ ׵ ૚
૜

, ૙ቁ and (1, 0). 

(ii) y = |3ݔ െ 5| – 2 

  
 (iii) x  =  |3ݔ െ 5| – 2 
  x + 2 =  |3ݔ െ 5| 
  x + 2  =  3x – 5 or − (x + 2)  =  3x −5 
  2x  =  7  − x −2  =  3x −5 
  x  =  3.5  4x  =  3 
      x  =  0.75  

3 

−2 
1

5
3

7
3

x

y 

0 

Using values of A 
and B found in (i) 
as the limits 

Solving modular equations: 

|fሺݔሻ| = ൜ fሺݔሻif fሺݔሻ ൒ 0
െfሺݔሻif fሺݔሻ ൏ 0 

 


 0  

AS 

T C 
3π
2  



ߙ ൌ
π
3 

π
2 

ݔ ൌ
2π
3

ݔ ൌ
4π
3
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8. Topic: Applications of Differentiation (Kinematics) 

(i)  s  =  400ቀ1 െ eି ೟
భబቁ − 16t 

  v  =  ୢ௦
ୢ௧

 

   =  400ቀ ଵ
ଵ଴

eି ೟
భబቁ – 16 

ି܍40  =    ࢚
૚૙ – 16 

 (ii)  a  =  ୢ௩
ୢ௧

 

    =  40ቀെ ଵ
ଵ଴

ቁ eି ೟
భబ 

ି܍4−  =     ࢚
૚૙ 

 

 

 (iii) At A, t = 0,  ׵ v  =  40e0 – 16 
     =  24 m/s 
 

 

(iv) At B, v = 0, 40eି ೟
భబ – 16 =  0 

  40eି ೟
భబ  =  16 

  eି ೟
భబ  =  0.4 

  ln eି ೟
భబ  =  ln 0.4 

  െ ௧
ଵ଴

  =  ln 0.4 

  t  =  9.1629 
     9.163 seconds (Shown) 

(v) Total distance  =  400ቀ1 െ eିవ.భలయ
భబ ቁ − 16(9.163)  

   =  93.393 m 
 Average speed of the motorcycle for the journey from A to B 

 = T୭୲ୟ୪ ୢ୧ୱ୲ୟ୬ୡୣ
T୭୲ୟ୪ ୲୧୫ୣ ୲ୟ୩ୣ୬

 

 = ଽଷ.ଷଽଷ
ଽ.ଵ଺ଷ

 

  10.192 

  10.2 m/s (3 sig. fig.) 

9. Topic: Coordinate Geometry (Circles) 

Given x2 + y2 + 2gx + 2fy + c = 0 ………………………………... (1) 

(i) Equation of the circle:  (x – 2)2 + (y + 1)2 =  52 

  x2 – 4x + 4 + y2 + 2y + 1 – 25  =  0 

  x2 – 4x + y2 + 2y – 20  =  0 

  x2 + y2 – 4x + 2y – 20  =  0 ………………… (2) 

 Comparing coefficients between (1) and (2) 

 ֜  −4  =  2g 

  g  =  −2 

 ֜  2  =  2f 

  f  =  1 

 ֜  c  =  −20 

 

“t seconds after 
passing A” 

“coming to a 
rest at a point B” 

Sub t = 9.163 from 
part (iv) into s 

r
(h, r)

x 

y Equation of circle  
(Standard Form): 
(x – h)2 + (y – k)2 = r2 
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(ii) Since AC is parallel to x-axis ֜ y-coordinate of A = −1 
  Sub y = −1 into (2), x2+ (−1)2 – 4x + 2(−1) – 20  =  0 
   x2 – 4x – 21  = 0 
   (x −7)(x + 3)  =  0 
  x – 7  =  0  or x + 3  =  0 
  x  =  7 (rejected)  x  =  −3 
  Coordinates of A are (−3, − 1) ׵  

 (iii)  Gradient of AB  =  Gradient of OA 

    =  ିଵି଴
ିଷି଴

  

    =  ଵ
ଷ
 

  Equation of AB:  y + 1  =  ଵ
ଷ
 (x + 3) 

   y  =  ૚
૜

࢞ ……………………… (3) 

 (iv) Sub (2) into (1), 

  x2 + ቀଵ
ଷ

ቁݔ
ଶ
− 4x + 2ቀଵ

ଷ
 ቁ − 20  =  0ݔ

  x2 + ଵ
ଽ

ଶ − 4x + ଶݔ
ଷ

 0  =  20 – ݔ

  9x2 + x2 – 36x + 6x – 180  = 0 
  10x2 – 30x – 180  =  0 
  x2 – 3x – 18  =  0 
  (x – 6)(x + 3)  =  0 
  x – 6  =  0 or x + 3  =  0 
  x  =  6  x  =  −3 (rejected) 
  Sub x = 6 into (2),  y  =  ଵ

ଷ
 (6)  

    =  2 

 Coordinates of B are (6, 2) ׵  
   

10. Topics: Applications of Differentiation (Stationary Points) 

 ୢమ௬
ୢ௫మ  =  6x − 6 

 ୢ௬
ୢ௫

ݔሺ6׬  =   െ 6ሻ  dݔ 

   =  3x2 – 6x + c 

When x = 3, ୢ௬
ୢ௫

 =  12 

֜  12  =  3(9) – 6(3) + c 

 c =  3 

௬ୢ ׵ 
ୢ௫

  =  3x2 – 6x + 3 

 y  =  ׬ ଶݔ3 െ ݔ6 ൅ 3 dݔ 

  =  x3 – 3x2 + 3x + d 

Sub (3, 10) 

֜  10  =  27 − 27 + 9 + d 

 d  =  1 

 y  =  x3 – 3x2 + 3x + 1 …………………… (1) ׵ 

For stationary point on the curve: ୢ௬
ୢ௫

  =  0 

 3x2 – 6x + 3  =  0 

 x2 – 2x + 1  =  0 

 (x – 1)2  =  0 

 x  =  1 

Sub x = 1 into (1),  y  =  1− 3 + 3 + 1 
  =  2 

 Coordinates of the stationary point are (1, 2) ׵

Equation of line with 
gradient m and point (x, y): 
y – y1 = m(x – x1) 
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For (1, 2), using the 1st derivative test 

x 0.9 1 1.1 
dݕ
dݔ + O + 

  
 

 

 

When x = 0.9,  ୢ௬
ୢ௫

  =  3(0.9)2 – 6(0.9) + 3     

  =  0.03 ൐ 0 

When x = 1.1,  ୢ௬
ୢ௫

  =  3(1.1)2 – 6(1.1) + 3 

  =  0.03 ൐ 0 

 .is a point of inflexion (2 ,1) ׵

 

 

11. Topics: Further Trigonometric Identities (R-formula) 

(i)  Given ס COD  =  ߠ 
 COD ס − AOD ס  =  AOB ס  
 ߠ − 90°  =   
 AOB ס − OAB  =  90° ס  
 (ߠ − 90°) − 90°  =   
 ߠ  =   
 ߠ  =  BAO ס  
  cos ஺஻  =  ߠ

ଵ଻
 

  AB  =  17cos  ߠ
  sin ை஻  =  ߠ

ଵ଻
 

  OB  =  17sin  ߠ
  cos ை஼  =  ߠ

ଷଵ
 

  OC  =  31cos  ߠ
 BC  =  OC− OB ׵  
   =  31cos 17sin − ߠ  ߠ
  sin ஼஽  =  ߠ

ଷଵ
 

  CD  =  31sin  ߠ
AB + BC + CD  =  17cos ׵  31cos + ߠ 17sin − ߠ 31sin + ߠ  ߠ
   =  (48cos 14sin + ߠ  cm (Shown) (ߠ

 

ୢ௬
ୢ௫

 ൐ 0 ୢ௬
ୢ௫

 ൏ 0 

ୢ௬
ୢ௫

 ൏ 0 ୢ௬
ୢ௫

 ൐ 0 

Points of inflexion 
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(ii)   Given AB + BC + CD  =  49  

 ֜  48cos 14sin + ߠ  (1) …………………… 49  =  ߠ

 Using R-formula, 

  48cos 14sin + ߠ ߠRcosሺ  =  ߠ െ  ሻߙ

   =  R[cos ߠ cos sin + ߙ ߠ sin  [ߙ

   =  Rcos ߠ cos Rsin + ߙ ߠ sin  ߙ

 Comparing coefficients,  48  =  Rcos  (1) .……………… ߙ

  14  =  Rsin  (2) ..……………… ߙ

 ሺଶሻ
ሺଵሻ

 :   ோ ୱ୧୬ ఈ
ோ ୡ୭ୱ ఈ

  =  ଵସ
ସ଼

 

  tan  0.29166  =  ߙ

 16.26°  =  ߙ  

(1)2 + (2)2:  R2cosଶߙ  + R2 sinଶ142 + 482  =   ߙ 

  R2(cosଶߙ  + sinଶߙ  )  =  2500 

  R2  =  2500 

  R  =  50 or −50 (rejected) 

48cos ׵   14sin + ߠ ߠ50cosሺ  =  ߠ െ 16.26°ሻ ……………… (2) 

Sub (2) into (1),  50cosሺߠ െ 16.26°ሻ  =  49 
  cosሺߠ െ 16.26°ሻ  =  0.98 
  Basic ס  =  11.478° 
ߠ   െ 16.26°  =  11.478°, 360° − 11.478° 
 364.78° ,23.73°  =  ߠ   
    = 27.73°, 4.78°  
      4.8°, 27.7° (1 d.p.) 

 
 
 
 
 
 

 
(iii) Maximum value of AB + BC + CD = 50 

  When cosሺ ߠ െ 16.26°ሻ  =  1 
ߠ  ֜  െ 16.26°  =  0° 
 16.26°  =  ߠ  
     16.3° (1 d.p.) 
  

  

 

ܴ ൌ ඥܽଶ ൅ ܾଶ 

R-Formula: 
ܽ cos ߠ േ ܾ sin  ߠ
= ܴ cosሺߠ ט  ሻߙ

where 
tan ߙ ൌ ௕

௔
  

cos2 ߠ + sin2 ߠ = 1

Proved in part (i) 

 


 0 180 

AS 

T C 
270

90 

 = 11.478° 

   16.26
 = 11. 478

   16.26
 = 348.522

Max/min values of  
Rcosሺߠ െ  ሻ = േ Rߙ


