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ADDITIONAL MATHEMATICS 
Paper 1 Suggested Solutions  

4038/01
October/November 2009

1. Topic: Polynomials 

 Let f(x)  =  2x3 + ax2 + bx + 3 
 f(1)  =  0 
֜  2(1)3 + a(1)2 + b(1) + 3  =  0 
 2 + a + b + 3  =  0 
 a  =  −5 – b − (1) 
 f(−2)  =  15 
֜ 2(−2)3 + a(−2)2 + b(−2) + 3 =  15 
 −16 + 4a – 2b + 3  =  15 
 4a – 2b  =  28 
 2a – b  =  14 − (2) 
Sub (1) into (2),   
 2(−5 – b) – b  =  14 
 −10 – 2b – b  =  14 
 −3b  =  24 
 b  =  −8 
Sub b = −8 into (1),   
 a  =  −5 + 8 
  =  3 

 a = 3 and b = −8 ׵

 

   

2. Topics: Applications of Differentiation  
  (Increasing and Decreasing Functions) 

  y  =  ୪୬௫
௫

 

  ୢ௬
ୢ௫

  =  
௫ቀభೣቁି୪୬௫

௫మ
 

   =  ଵି୪୬௫
௫మ

 

 Since y is an increasing function of x, ୢ௬
ୢ௫
 > 0 

 ֜  1 – lnx  >  0 as x2 ൐ 0 
  −lnx  >  −1 
  lnx  <  1 
  x  <  e1 
 {Թ א x: 0 ൏ x ൏ e, x } = The set of values of x ׵ 

3. Topic:  Surds  

 6√ + 3√ݔ   =  24√ݔ   

24√ݔ   െ  6√  =  3√ݔ

൫√24ݔ  െ √3൯  =  √6 

  x  =  √଺
൫√ଶସି√ଷ൯

ൈ ൫√ଶସା√ଷ൯
൫√ଶସା√ଷ൯

 

   =  √଺√ଶସା√଺√ଷ
ଶସିଷ

 

   =  √ଵସସା√ଵ଼
ଶଵ

 

   =  ଵଶା√ଽൈଶ
ଶଵ

 

   =  ଵଶାଷ√ଶ
ଶଵ

 

   =  ସା√ଶ
଻

 

 a = 4, b = 2 ׵ 

Factor Theorem: 
f(a) = 0 ֞ (x – a) is 
a factor of f(x) 

Remainder Theorem: 
f(x) divided by (x – a) 
֜ remainder is f(a) 

Quotient rule: 
For y = ௨

௩
 , 

ୢ௬
ୢ௫

 = 
௩ౚೠౚೡି ௨ౚೡౚೣ

௩మ
 

Rationalising the 
denominator: 

ଵ
√௔ା √௕

 × √௔ ― √௕
√௔ି √௕

 = √௔ି √௕
௔ି௕
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4. Topic:  Logarithms 

(i) lg(x + 14) – lg(x – 2)  =  2lg5 

 lgቀ௫ାଵସ
௫ିଶ

ቁ  =  lg52 

 ௫ାଵସ
௫ିଶ

  =  25 

 x + 14  =  25(x – 2) 

 x + 14  =  25x – 50 

 24x  =  64 

 x  =  ૛ ૛
૜
 

(ii) log2y + log4y  =  6 

 log2y + ୪୭୥మ௬
୪୭୥మସ

  =  6 

 log2y + ୪୭୥మ௬
ଶ

  =  6 

 2log2y + log2y  =  12 
 3log2y  =  12 
 log2y  =  4 
 y  =  24 
  =  16 

5. Topics: Applications of Differentiation (Gradients, Tangents & Normal) 

  y  =  1 − 3tan  ݔ
 When curve intersects y-axis, x = 0, 
  y  =  1 − 3tan 0 
   =  1 
  ୢ௬

ୢ௫
  =  −3sec2x 

 When x = 0,  ୢ௬
ୢ௫

  =  −3sec20 
   =  −3 
 Gradient of tangent  =  −3 ׵ 
  Gradient of normal  =  ଵ

ଷ
 

 Equation of normal:  y – 1  =  ଵ
ଷ
ሺݔ െ 0ሻ  

  y  =  ଵ
ଷ
 (1) − 1 + ݔ

 Sub (k, 3) into (1),  3  =  ଵ
ଷ
݇ + 1 

  ଵ
ଷ
݇  =  2 

  k  =  6 

6. Topic: Quadratic Functions and Inequalities 

(i)    y  =  2x2 – 6x + c 
 When c = −20, 2x2 – 6x – 20  ൑  0 
  x2 – 3x −10  ൑  0 
  (x – 5)(x + 2)  ൑  0 
  

  

 

 

 The set of values of x = {x: −2 ൑ x ൑ 5, x ג Թ}   

x
5−2

log௔
௫
௬
  

= log௔ log௔ − ݔ  ݕ

n log௔ log௔ = ݔ  ௡ݔ

Changing of base: 

log௔ ܰ = ୪୭୥್ ே
୪୭୥್ ௔
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(ii)   y  =  2x2 – 6x + c  − (1) 
   y + 2x  =  8  − (2) 
  Sub (1) into (2),   
   2x2 – 6x + c + 2x  =  8 
   2x2 – 4x + c – 8  =  0 
  a = 2, b = −4, c = c – 8 
  Since the line is a tangent to the curve,  b2 – 4ac  =  0 
   (−4)2 – 4(2)(c – 8)  =  0 
   16 – 8c + 64  =  0 
   8c  =  80 
   c  =  10 

7. Topic: Coordinate Geometry  

x2 + 2y2 + 5x  =  68 − (1)  
 2y + 3x  =  9 
 2y  =  9 – 3x 
 y  =  ଽିଷ௫

ଶ
 − (2) 

Sub (2) into (1),   

 x2 + 2ቀଽିଷ௫
ଶ
ቁ
ଶ
 + 5x  =  68 

 x2 + ଶሺଽିଷ௫ሻ
మ

ଶమ
 + 5x  =  68 

 x2 + ଼ଵିହସ௫ାଽ௫
మ

ଶ
 + 5x  =  68 

 2x2 + 81 – 54x + 9x2 + 10x  =  136 
 11x2 – 44x – 55  =  0 
 x2 – 4x – 5  =  0 
 (x + 1)(x – 5)  =  0 
 x  =  −1  or  x  =  5 

Sub x = −1 into (2),  y  =  ଽିଷሺିଵሻ
ଶ

 
  =  6 

Sub x = 5 into (2),  y  =  ଽିଷሺହሻ
ଶ

 
  =  − 3 
The coordinates of intersection points  
֜ (−1, 6) and (5, −3) 

Mid-point =  ቀିଵାହ ׵
ଶ

, ଺ିଷ
ଶ
ቁ 

  =  (2, 1.5) 

8. Topic:Further Trigonometric Identities (Factor and Double Angle formula) 

(i) cos 3x – cos x = −4sin2xcos x 

 L.H.S.  =  −2sinቀଷ௫ା௫
ଶ
ቁ sinቀଷ௫ି௫

ଶ
ቁ 

  =  െ2 sin ݔ2 sin  ݔ
  =  െ2ሺ2 sin ݔ cos ሻݔ sin  ݔ
  =  െ4sinଶݔ cos ݔ 
  = R.H.S. (Shown)  

(ii)  cos 3x + 2cos x  =  0 
  cos 3x – cos x = −3cos x 
  −4sin2 x cos x = −3cos x 
  4sin2 x cos x – 3cos x = 0 
  cos x(4sin2 x – 3) = 0 
  cos x = 0    or 4sin2 x – 3 = 0 

  x = గ
ଶ
 sin2 x = ଷ

ସ
 

     sin x = േටଷ
ସ
 

     Basic angle α = గ
ଷ
 

     x  = గ
ଷ
, ଶగ
ଷ

  

  x = ࣊
૜
, ࣊
૛
, ૛࣊
૜

 

 

cosܣ ൅ cosܤ ൌ െ2 sin ஺ା஻
ଶ sin ஺ି஻

ଶ  
Factor Formula: 

sin ܣ2 ൌ 2 sinܣ cosܣ 
Double Angle Formula: 

α α
0  

ݔ ൌ ஠
ଷ 

ଷ஠
ଶ  

ݔ ൌ ଶ஠
ଷ  

௫ ୀ 
஠
ଶ 

C T 

S A 

ߙ ൌ
π
3 

N.B.: Basic angle is +ve 
and acute. 

(5, −3) 

mid-point 

x 

൬
ଵݔ ൅ ଶݔ

2
,
ଵݕ ൅ ଶݕ

2
 ൰ 

Mid-point of (x1, y1) and (x2, y2): 

(−1, 6)

y

Using proof 
in (i) 
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ଽ଴°
௕

  ଵ଼଴°
௕

 ଶ଻଴°
௕

 ଷ଺଴°
௕

 

y 

x 

a 

−a 

0 

Amplitude = a 
Period = ଷ଺଴°

௕
 

9. Topic: Trigonometric Functions 

f(x) = 3sin ቀ௫
ଷ
ቁ െ 1 

(i) − 1 ൑  sin ቀ௫
ଷ
ቁ  ൑ 1 

 −3 ൑  3sin ቀ௫
ଷ
ቁ  ൑ 3 

 −3 −1 ൑ 3sin ቀ௫
ଷ
ቁ – 1 ൑ 3 – 1 

 −4 ൑  3sin ቀ௫
ଷ
ቁ – 1  ൑ 2 

 Maximum value of f(x)  =  2 
 Minimum value of f(x)  =  −4 

 (ii) Amplitude of f = 3 

 (iii) Period of f  =  ଷ଺଴°భ
య

 

   =  1080° 

 (iv) 3sin ቀ௫
ଷ
ቁ – 1  =  0 

  sin ቀ௫
ଷ
ቁ  =  ଵ

ଷ
 

  Basic ס  ൌ  19.47° 
  ௫

ଷ
  =  19.47° 

    x  =  58.41° 
     58.4° (1 d.p.) 

 

(v) y = 3sin ቀ௫
ଷ
ቁ – 1

  
10. Topic: Straight Line Graphs/ Linear Law 

 (i) 
  

  

 
  

t 2 4 6 8 10 

ln m 3.875 3.725 3.575 3.424 3.277 

x

y 
2 

1 
270

540 

58.4 481.6 0 

The values of a sin bx 
lie between a and –a. 
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 (ii)  m  =  mo e−kt 
 ln m  =  ln mo e−kt 
  =  ln mo + ln e−kt 
  =  ln mo – kt ln e 
 ln m  =  ln mo – kt 
֜ Gradient  =  −k 

 ଷ.ଶ଻଻ିଷ.଼଻ହ
ଵ଴ିଶ

  =  −k 

 k  =  0.07475 
    0.0748 (3 s.f.) 
֜  ln mo  =  4.04 (intercept on ln m axis) 
 mo  =  e4.04 

   =  56.82 

    56.8 (3 s.f.) 

 (iii) When m = ଵ
ଶ
 mo, ln m  =  ln ቀହ଺.଼ଶ

ଶ
ቁ 

      3.346  

  From graph, t = 9 hours 
  

11. Topic:  Coordinate Geometry 

(i) Gradient of AD  =  ଺ାସ
଴ିଶ

 

  =  −4 

 Gradient of AB  =  ଵ
ସ
 

 Equation of AB:  y – 6  =  ଵ
ସ
 (x − 0) 

  y  =  ૚
૝
࢞ + 6   − (1) 

 (ii) y = x      − (2) 
  Sub (1) into (2),  
  x  =  ଵ

ସ
 6 + ݔ

  4x  =  x + 24 
  3x  =  24 
  x  =  8 
 y  =  8 ׵  
  Coordinates of B are (8, 8). 

 (iii) Let C be (x, y), 
   Length of DC  =  2 × Length of AB 

   ඥሺ2 െ ሻଶݔ ൅ ሺെ2 െ ሻଶ  =  2ඥሺ0ݕ െ 8ሻଶ ൅ ሺ6 െ 8ሻଶ 

   (2 – x)2 + (−2 – y)2  =  4(68) 

   (2 – x)2 + (−2 – y)2  =  272   − (3) 

  Equation of CD:  y + 2  =  ଵ
ସ
ሺݔ െ 2ሻ 

   y  =  ଵ
ସ
ହ – ݔ

ଶ
   − (4) 

  

Equation of line with gradient 
m and point (x1, y1): 
(y – y1) = m(x – x1) 

Length of line segment 
= ඥሺݔଵ െ ଶሻଶݔ ൅ ሺݕଵ െ  ଶሻଶݕ
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Sub (4) into (3), 

   4 – 4x + x2 + 4 + 4ቀ ଵ
ସ
ହ – ݔ

ଶ
ቁ + ቀ ଵ

ସ
ହ – ݔ

ଶ
ቁ ଶ  =  272 

  4 – 4x + x2 + 4 + x – 10 + ଵ
ଵ଺
ଶ − ହݔ

ସ
ଶହ + ݔ

ଵ଺
 − 272  =  0 

   ଵ଻
ଵ଺
ଶ − ଵ଻ݔ

ସ
ଵ଴଻ଵ − ݔ

ସ
  =  0 

   17x2 – 68x – 4284  =  0 

   x2 – 4x – 252  =  0 

   (x −18)(x + 14)  =  0 

   x – 18  =  0 or x + 14 =  0 

   x  =  18  x  =  −14 (rej.) 

 Sub x = 18 into (4),  y  =  ଵ
ସ
 (18) −ହ

ଶ
 

    =  2 

   Coordinates of C are (18, 2) ׵

Alternate Method 

  
 Given DC is twice the length of AB. 
 Let M be the mid-point of DC.  
 Then DM = AB and DM // AB 

Let M be (a, b) and C(x, y) 
Then b = − 2 + 2  =  0 
a = 2 + 8 = 10 
 M (10, 10) ׵
Since M is the mid-point of DC,  
ଶା௫
ଶ

 = 10 and  ௬ାሺିଶሻ
ଶ

 = 0 

 Coordinates of C are (18, 2) ׵

 

B(8, 8) 

A(0, 6) 

O 
D(2, −2) 

M 
C 

y 

x 
2 

8 

2 

8 

8 

2 

Mid-point of (x1, y1) and (x2, y2): 

ቀ௫భା௫మ
ଶ

, ௬భା௬మ
ଶ

ቁ  
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(iv)  Area of trapezium ABCD =  ଵ
ଶ
ቚ0 2 18 8 0
6 െ2 2 8 6ቚ  

   =  ଵ
ଶ
|0 ൅ 4 ൅ 144 ൅ 48 െ 12 ൅ 36 െ 16| 

   =  ଵ
ଶ
|204| 

   =  102 units2 

12. Topic: Differentiation and Integration 

(i) y  =  (2x – 1)√4ݔ ൅ 1 

 ୢ௬
ୢ௫

  =  (2x – 1)ଵ
ଶ
ሺ4ݔ ൅ 1ሻି

భ
మ (4) + √4ݔ ൅ 1 (2) 

  =  ଶሺଶ௫ିଵሻ
√ସ௫ାଵ

൅ ଶ√ସ௫ାଵ
ଵ

 

  =  ଶሺଶ௫ିଵሻାଶሺସ௫ାଵሻ
√ସ௫ାଵ

 

  =  ସ௫ିଶା଼௫ାଶ
√ସ௫ାଵ

 

  =  ૚૛࢞
√૝࢞ା૚

 

 (ii) ୢ௬
ୢ௧

  =  ୢ௬
ୢ௫
ൈ ୢ௫

ୢ௧
 

 2  =  ଵଶሺଶሻ
√଼ାଵ

ൈ ୢ௫
ୢ௧

 

 2  =  ଶସ
ଷ
ൈ ୢ௫

ୢ௧
 

  ୢ௫
ୢ௧

  =  ૚
૝
 units per second 

(iii) ׬ ଷ௫
√ସ௫ାଵ

ଶ
଴  dݔ  =  ଵ

ସ ׬
ଵଶ௫

√ସ௫ାଵ
ଶ
଴  dݔ 

  =  ଵ
ସ
ሾሺ2ݔ െ 1ሻ√4ݔ ൅ 1ሿ଴ଶ 

  =  ଵ
ସ
ሾ3√9 െ ሺെ1ሻሺ1ሻሿ 

  =  ଵ
ସ
ሾ9 ൅ 1ሿ 

  =  2.5 

Product Rule: 
For y = uv, 
ୢ௬
ୢ௫

ݒ =  ୢ௨
ୢ௫
൅ ݑ ୢ௩

ୢ௫
 

Chain Rule: 
ୢ௬
ୢ௧

 = ୢ௬
ୢ௫
ൈ ୢ௫

ୢ௧
 

*Hence question: 
Using answer from 
part (i) 

ൌ
1
2
ሺݔ஺ݕ஽ ൅ ஼ݕ஽ݔ ൅ ஻ݕ஼ݔ െ ஺ݕ஽ݔ െ ஽ݕ஼ݔ െ  ஼ሻݕ஻ݔ

Area of trapezium ABCD (‘Shoelace Method’) 

ൌ ଵ
ଶ
ቚ
஺ݔ ஽ݔ ஼ݔ ஻ݔ
஺ݕ ஽ݕ ஼ݕ   ஻ቚݕ

Note: Coordinates must be taken in an anticlockwise direction. 


